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Abstrat
In this paper, we ompute the general struture of two and three
point funtions in eld theories that are assumed to possess an invari-
ane under a quantum deformation of SO(4,2). The omputation is
elaborated in order to t the Hopf algebra strutures.
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1 Introdution
Over the last thirty years, the subjet of quantum groups [14℄ has grown
into a full-edged researh topi. A huge amount of literature has appeared.
One an mention q-harmoni analysis and q-speial funtions [5℄, onformal
eld theories [6, 7℄, in the vertex and spin models [8, 9℄, anyons [1012℄, in
quantum optis [13℄, in the loop approah of quantum gravity [14℄ in fuzzy
physis [15℄ and quantum gauge theories [16, 17℄.
The deformation of two-dimensional onformally invariant eld theory was
introdued in Ref. [18℄ and the properties of the orrelation funtions were
determined. The oherent states operators and the invariant orrelation
funtions and their quantum group ounterparts, both for sl (2) and SU3,
were studied in [19℄.
The q-deformation of D = 4 onformal algebra was rst introdued in [20℄.
It was also studied, and additionally its ontration to deformed Poinare
algebra given in Ref. [21℄. The reality onditions of deformed SO (6,C) were
disussed in [22℄.
In this paper, we propose a four-dimensional onformal eld theory based on
the quantum universal enveloping algebra Uq (so (4, 2)) [20,21℄. In the ourse
of these investigations we rely on Dobrev's approah [23℄. Aording to this
proedure one rst needs q-dierene realizations of the representations in
terms of funtions of non-ommuting variables. These variables generate a
ag manifold of the matrix quantum group SLq (4) whih is in duality with
Uq (sl (4;C)).
This paper is organized as follows. In Setion 2 we reall the Cartan-Weyl
basis of the quantum Lie algebra Uq (sl (4;C)). In Setion 3, we ompute
the q-deformed two- and three-point onformal orrelation funtions.
2 Cartan-Weyl basis for Uq (sl (4;C))
The positive energy irreduible representations of so (4, 2) are labelled by
the lowest value of the energy E0, the spin s0 = j1 + j2 and by the heliity
h0 = j1− j2, and these are eigenvalues of a Cartan subalgebra H of so (4, 2).
We shall label the representations of Uq (so (4, 2)) in the same way and thus
we shall take for Uq (so (4, 2)) and its omplexiation Uq (so (6,C)) the same
Cartan subalgebra. We reall that the q-deformation Uq (so (6,C)) is dened
[2, 3℄ as the assoiative algebra over C with Chevalley generators X±j , Hj ,
j = 1, 2, 3.
The Cartan-Chevalley basis of Uq (sl (4,C)) is given by the formulae:
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[Hj,Hk] = 0
[
Hj,X
±
k
]
= ± ajkX
±
k[
X+j ,X
−
k
]
= δjk
qHj − q−Hj
q − q−1
= δjk [Hj]q (2.1)
and the q-analogue of the Serre relations
(
X±j
)2
X±k − [2]qX
±
j X
±
k X
±
j +X
±
k
(
X±j
)2
= 0, (2.2)
where (jk) = (12) , (21) , (23) , (32) and (ajk) is the Cartan matrix of
so (6,C) given by (ajk) = 2 (αj, αk) / (αj, αj); α1, α2, α3 are the simple roots
of length 2 and the non-zero produt between the simple roots are: (α1, α2) =
(α2, α3) = −1 . The quantum number is dened as [m]q =
qm−q−m
q−q−1
.
Expliitly the Cartan matrix is given by:
(ajk) =

 2 −1 0−1 2 −1
0 −1 2

 . (2.3)
The elements Hj span the Cartan subalgebra H while the elements X
±
j
generate the subalgebra G± in the standard deomposition G ≡ so (6,C) =
G+ ⊕H⊕G−. In partiular, the Cartan-Weyl generators for the non-simple
roots are given by [20℄:
X±jk = ±q
∓1/2
(
q1/2X±j X
±
k − q
−1/2X±k X
±
j
)
(jk) = (12) , (23)
X±13 = ±q
∓1/2
(
q1/2X±1 X
±
23 − q
−1/2X±23X
±
1
)
= ±q∓1/2
(
q1/2X±12X
±
3 − q
−1/2X±3 X
±
12
)
. (2.4)
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All other ommutation relations follow from these denitions:[
X+a ,X
−
ab
]
= −qHa X−a+1b
[
X+b ,X
−
ab
]
= X−ab−1 q
−Hb 1 ≤ a < b ≤ 3[
X−a ,X
+
ab
]
= X+a+1b q
−Ha
[
X−b ,X
+
ab
]
= −qHb X+ab−1 1 ≤ a < b ≤ 3
X±a X
±
ab = qX
±
abX
±
a X
±
b X
±
ab = q
−1X±abX
±
a 1 ≤ a < b ≤ 3
X±12X
±
13 = qX
±
13X
±
12 X
±
23X
±
13 = q
−1X±13X
±
23[
X±2 ,X
±
13
]
= 0
[
X±2 ,X
∓
13
]
= 0[
X+12,X
−
13
]
= −q2(H1+H2)X−3
[
X−12,X
+
13
]
= X+3 q
−2(H1+H2)[
X+23,X
−
13
]
= X−1 q
−2(H2+H3)
[
X−23,X
+
13
]
= −q2(H2+H3)X+1[
X±12,X
±
23
]
= λX±2 X
±
13
[
X±12,X
∓
23
]
= −λq±H2X±1 X
∓
3 (2.5)
where λ = q − q−1.
Let G = su (2, 2) ∼= so (4, 2) with generators:
MAB = −MBA, A ,B = 1, 2, 3, 5, 6, 0, ηAB = diag (−,−,−,−,+,+)
(2.6)
whih obey
[MAB ,MCD] = i (ηBCMAD − ηCDMBD − ηBDMAC + ηADMBC) . (2.7)
Besides the physial generators MAB we shall also use the mathe-
matial generators YAB = −iMAB . Consider the Bruhat deomposition:
G = A ⊕M⊕ N˜ ⊕ N (diret sum of vetor spaes), where the dilatation
subalgebra A = so (1, 1) generated by D = Y56 is a non-ompat abelian
subalgebra, the Lorentz subalgebra M = so(3, 1) (a redutive Lie algebra)
generated by Yµν (µ, υ = 1, 2, 3, 0) is the entralizer of A (mod A), and the
subalgebra of translations N˜ generated by Pµ = Yµ5+Yµ6, the subalgebra of
speial onformal transformations N generated by Kµ = Yµ5 − Yµ6, respe-
tively, are nilpotent subalgebras forming the positive, negative, respetively,
root spaes of the root system (G,A).
Sine su (2, 2) is the onformal algebra of four dimensional Minkowski
spaetime we would like to deform it onsistently with the subalgebra stru-
ture relevant for the physial appliations. The ommutation relations be-
sides those for the Lorentz subalgebra are
4
[D,Yµν ] = 0 [D,Pµ] = 0 [D,Kµ] = −Kµ
[Yµν , Pλ] = ηνλPµ − ηµλPν [Yµν ,Kλ] = ηνλKµ − ηµλKν
[Pµ,Kν ] = 2Yµν + 2ηµνD. (2.8)
The algebra Pmax =M⊕A⊕N (or equivalently P˜max =M⊕A⊕ N˜ )
is the so alled maximal paraboli subalgebra of G.
For the Lorentz algebra generators we have the following expressions
H = −Y30 =
1
2
(H1 +H3) M
± = −iY31 ± iY10 = X
±
1 +X
±
3
D˜ = −Y12 =
i
2
(H1 −H3) N
± = −iY20 ± iY23 = iX
±
1 − iX
±
3 .(2.9)
For dilatation, translations and speial onformal transformations we
have
D =
1
2
(H1 +H3) +H2
P0 = i
(
X+13 +X
2
+
)
P1 = i
(
X+12 +X
+
23
)
P2 = X
+
12 −X
+
23 P3 = i
(
X+2 −X
+
13
)
K0 = −i
(
X−13 +X
−
2
)
K1 = i
(
X−12 +X
−
23
)
K2 = X
−
23 −X
−
12 K3 = i
(
X−2 −X
−
13
)
. (2.10)
To derive the relations in Uq (su (2, 2)) we use equations (2.1) and (2.5).
The formulae for oprodut are:
∆(Hi) = Hi ⊗ 1 + 1⊗Hi
∆(X±i) = X±i ⊗ q
Hi/2 + q−Hi/2 ⊗X±i. (2.11)
The antipode and ounit are dened as
S (Hi) = −Hi,
S (X+i) = −qX+i, S (X−i) = −q
−1X−i,
ǫ (Hi) = ǫ (X+i) = 0. (2.12)
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3 q-deformed onformal orrelation funtions
First let us ompute the q-deformed 2-point onformal orrelation funtion of
salar quasiprimary (qp) elds, with anonial dimension d1 and d2, dened
on the q-deformed Minkowski spaetime1 [24℄:
x±v = q
±1vx±, x±v = q
±1vx±,
λvv = x+x− − x−x+, vv = vv,
x± ≡ x
0 ± x3 v ≡ x1 − ix2 v ≡ x1 + ix2. (3.1)
The q-Minkowsi length is
Lq = x−x+ − q
−1vv. (3.2)
These qp-elds are redued funtions and an be written as formal power
series in the q-Minkowski oordinates:
φ = φ (Y ) = φ (v, x−, x+, v)
=
∑
j,n,l,m∈Z+
µjnlm φj n l m,
φjnlm = v
jxn−x
l
+v
m. (3.3)
Next we introdue the following operators ating on the redued funtions
as
M̂κφ (Y ) =
∑
j,n,l,m∈Z+
µjnlm M̂κ φj n l m
Tκφ (Y ) =
∑
j,n,l,m∈Z+
µjnlmTκφj n l m (3.4)
1
Up to Eq. (3.9) setion 3 follows the paper [24℄.
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where κ = ±, v, v and the expliit ation on φj n l m is dened by
M̂vφj n l m = φj+1 n l m
M̂−φj n l m = φj n+1 l m
M̂+φj n l m = φj n l+1 m
M̂vφj n l m = φj n l m+1
Tvφj n l m = q
jφj n l m
T−φj n l m = q
nφj n l m
T+φj n l m = q
lφj n l m
Tvφj n l m = q
mφj n l m. (3.5)
The q-dierene operators are dened by
D̂κφ =
1
λ
M̂−1κ
(
Tκ − T
−1
κ
)
φ. (3.6)
The representation ation of Uq (sl (4)) on the redued funtions φ (Y ) of
the representation spae CΛ, with the signature χ = χ (Λ) = (m1,m2,m3) =
(1, 1 − d, 1) and whih orresponds to a spinless salar eld [d, j1, j2] =
[d, 0, 0] is given by2 :
π (k1)φj n l m = q
(j−n+l−m)/2φj n l m,
π (k2)φj n l m = q
n+(j+m+d)/2φj n l m,
π (k3)φj n l m = q
(−j−n+l+m)/2φj n l m,
π (X+1)φj n l m = q
−1+(j−n−l+m)/2 [n]q φj+1 n−1 l m
+q−1+(j−n+l−m)/2 [m]q φj n l+1 m−1,
π (X+2)φj n l m = q
(−j+m)/2 [j + n+m+ d]q φj n+1 l m
+qd+(j+n+3m)/2 [l]q φj+1 n l−1 m+1,
π (X+3)φj n l m = −q
−1+(j+n−l−m)/2 [j]q φj−1 n l+1 m
−q−1+(3j+n−3l−m)/2 [n]q φj n−1 l m+1,
2
The general ase is given in Ref. [25℄
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π (X−1)φj n l m = q
2+(−j+n−l+m)/2 [j]q φj−1 n+1 l m
+q2+(j−n−l+m)/2 [l]q φj n l−1m+1,
π (X−2)φj n l m = −q
(j−m)/2 [n]q φj n−1 l m,
π (X−3)φj n l m = −q
(−j−3n+l+3m)/2 [l]q φj+1 n l−1 m
−q(−j−n+l+m)/2 [m]q φj n+1 l m−1, (3.7)
with ki = q
Hi/2
.
Now let us dene D = qD, where D is the dilatation generator dened in
Eq. (2.10). The representation of this generator on the redued funtions φ
is given by
π (D)φ (Y ) = µjnlmπ (D)φj n l m
= qdµjnlmq
j+n+l+mφj n l m = q
dφ (qY ) . (3.8)
The oprodut for this operator is given by
∆D = D ⊗D. (3.9)
Now let us alulate two point q-orrelation funtions by imposing that
they are invariant under the ation of Uq (sl (4,C)). We denote the q-
deformed orrelation funtions of N quasiprimary elds as
〈φ1 (Y1) ...φN (YN )〉q = q
〈
0
∣∣φd1 (Y1) ...φdN (YN )∣∣ 0〉q , (3.10)
where |0〉q is a Uq (sl (4,C)) invariant vauum suh that π (D)|0〉q = |0〉q ,
π (X+i) |0〉q = 0 and also for q〈0| . The identities for the two-point orrelation
funtions of two quasiprimary elds of the onformal weights d1, d2 are
∆(π (D)) 〈φ1 (Y1)φ2 (Y2)〉q = (π (D)⊗ π (D)) 〈φ1 (Y1)φ2 (Y2)〉
= 〈φ1 (Y1)φ2 (Y2)〉q (3.11)
and
8
∆(π (X±i)) 〈φ1 (Y1)φ2 (Y2)〉q =(
π (X±i)⊗ q
pi(Hi/2) + q−pi(Hi/2) ⊗ π (X±i)
)
.
〈φ1 (Y1)φ2 (Y2)〉q = 0. (3.12)
The q-orrelation funtions are ovariant under dilatation, whereas the
remaining identities lead to six q-dierene equations.
Let us rst note that
φj+1 n−1 l m = q
jv (x−)
−1 φj n l m,
φj n l+1 m−1 = q
mφj n l m x+ (v)
−1 , (3.13)
and so on,
q±j/2φ (v, x−, x+, v) = φ
(
q±1/2v, x−, x+, v
)
,
q±n/2φ (v, x−, x+, v) = φ
(
v, q±1/2x−, x+, v
)
, ... (3.14)
and
[n]q φ = λ
−1
(
φ (v, qx−, x+, v)− φ
(
v, q−1x−, x+, v
))
= D̂− φ (v, x−, x+, v) ,
[m]q φ = λ
−1
(
φ (v, x−, x+, qv)− φ
(
v, x−, x+, q
−1v
))
= D̂v φ (v, x−, x+, v) , ... (3.15)
and so forth.
The rst identity for X+1 is given by:
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qjv1 (x−1)
−1 〈D̂− φ1
(
q1/2v1, q
−1/2x−1, q
−1/2x+1, q
1/2v1
)
.
φ2
(
q1/2v2, q
−1/2x−2, q
1/2x+2, q
−1/2v2
)
〉q
+qm〈D̂vφ1
(
q1/2v1, q
−1/2x−1, q
1/2x+1, q
−1/2v1
)
x+1 (v2)
−1 .
φ2
(
q1/2v2, q
−1/2x−2, q
1/2x+2, q
−1/2v2
)
〉q
+qjv2 (x−2)
−1 〈φ1
(
q1/2v1, q
−1/2x−1, q
1/2x+1, q
−1/2v−1
)
.
D̂−φ2
(
q1/2v2, q
−1/2x−2, q
−1/2x+2, q
1/2v2
)
〉q
+qm〈φ1
(
q1/2v1, q
−1/2x−1, q
1/2x+1, q
−1/2v1
)
x+2 (v2)
−1 .
D̂vφ2
(
q1/2v2, q
−1/2x−2, q
1/2x+2, q
−1/2v1
)
〉q = 0, (3.16)
and ve other q-dierene equations.
The solution of these q-dierene equations exists when the onformal
dimensions d1 and d2 are equal: d1 = d2 = d and is determined uniquely
up to a onstant. Let us use the twistors Y = Y µσµ. More expliitly, the
matries Y are given by:
Y =
(
x0 + x3 x0 − ix2
x0 + ix2 x0 − x3
)
=
(
x+ v
v x−
)
, (3.17)
where x+, x−, v, v are q-deformed Minkowski oordinates dened in Eq.
(3.1).
It is easy to see that the quantum determinant
3
detqY = x−x+ − q
−1vv and detq (Y1 − Y2) = detq Y1
(
I − Y −11 Y2
)
,
(3.18)
where I is a 2× 2 identity matrix. The q-deformed two-point onformal
orrelation funtion reads
〈φ1 (Y1)φ2 (Y2)〉q = C (q) (detq Y1)
−d
1ϕ0
(
d; q1−d/2Y −11 Y2
)
, (3.19)
3
We use Manin's notation [1℄.
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where C (q) is a onstant and where the quantum hypergeometri fun-
tion with matriial argument is given by:
1ϕ0 (d;Y ) = detq
∞∏
l=0
(
I − qlY
)−1 (
I − qd+lY
)
. (3.20)
One easily see that the q-orrelation funtion redues to the undeformed
onformal orrelation funtion beause 1ϕ0 (d;Y ) beomes 1F0 (d;Y ) =
det (I − Y )−d in the limit q → 1.
The identities for the q-deformed three-point onformal orrelation fun-
tions read
(π (Xi)⊗ q
pi(−Hi/2) ⊗ qpi(−Hi/2) + qpi(−Hi/2) ⊗ π (Xi)⊗ q
pi(−Hi/2)
+qpi(−Hi/2) ⊗ qpi(−Hi/2) ⊗ π (Xi)) 〈φ1 (Y1)φ2 (Y2)φ3 (Y3)〉q = 0,(3.21)
(π (D)⊗ π (D)⊗ π (D)) 〈φ1 (Y1)φ2 (Y2)φ3 (Y3)〉q = 〈φ1 (Y1)φ2 (Y2)φ3 (Y3)〉q .
(3.22)
The solutions are given by
〈φ1 (Y1)φ2 (Y2)φ3 (Y3)〉q = Cijk
(detqY1)
−γ3
12
1ϕ0
(
γ312; q
1−d1/2Y −11 Y2
)
.
(detqY2)
−γ123
1ϕ0
(
γ123; q
1−d2/2Y −12 Y3
)
.
(detqY1)
−γ2
31
1ϕ0
(
γ231; q
1+
d2−d1
2 Y −11 Y3
)
(3.23)
where γkij =
dk−di−dj
2 and Cijk are the struture onstants.
In a reent paper [26℄, we studied the quantum gauge theory on the
quantum anti-de Sitter spae AdSq5 and omputed the quantum metris.
Given these results, we an study the quantum analogue of the elebrated
AdS/CFT orrespondene [27℄ and generalize the methods used in [28℄ to
the q-deformed ase.
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